A synopsis {#Sec1}
==========

The aim of this paper is to give a rather comprehensive introduction to nonlinear potential estimates, i.e., pointwise estimates for solutions to quasilinear, possibly degenerate elliptic equations via linear and nonlinear potentials. The paper contains both new and old results. They fall into two categories. The first consists of those results that have been proved elsewhere, and that are here given in different and/or streamlined version. The second contains new results that are presented for the first time. These fill some of the gaps that were making the current theory still somewhat incomplete.

To ease the reading, the already known results will be stated together with the reference to the corresponding original paper where they have appeared for the first time. The new ones will be presented pointing at the place of this paper where the proof can be found. In general, the first part of the paper is devoted to the presentation of the general setting, with the statements of the main theorems; this goes up to Sect. [8](#Sec10){ref-type="sec"}. The remaining parts are instead devoted to the proofs.

We shall start from a presentation of the classical results valid for linear elliptic equations in Sect. [2](#Sec2){ref-type="sec"}, and this will serve to give the general guideline to the topics we are going to cover in the nonlinear case. The first potential estimates for nonlinear equations will be introduced in Sect. [3](#Sec3){ref-type="sec"}. There the classical pointwise estimates will be presented. In the subsequent Sects. [4](#Sec4){ref-type="sec"} and [5](#Sec5){ref-type="sec"} we shall instead give a class of estimates aimed at unifying the theory. These allow to frame the classical pointwise potential inequalities in a more general setting, allowing for estimates of both size and oscillations of solutions and their derivatives, including fractional derivates. At this stage we shall use "intermediate" Wolff and Riesz potentials and various fractional maximal operators. Especially, we prove Theorem 10, whose role is to unify estimates for $\documentclass[12pt]{minimal}
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                \begin{document}$$u$$\end{document}$. We shall eventually add a few remarks on the case of equations with coefficients in Sect. [6](#Sec7){ref-type="sec"}. All the results up to Sect. [6](#Sec7){ref-type="sec"} are presented for *energy solutions*, that is for solutions belonging to the natural energy space $\documentclass[12pt]{minimal}
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                \begin{document}$$W^{1,p}$$\end{document}$ associated to the problems considered. In Sect. [7](#Sec8){ref-type="sec"} we then turn to the case of general measure data problems, that is when *very weak solutions* come into the play. This will give us the opportunity, in Sect. [8](#Sec10){ref-type="sec"}, to present a few interesting consequences of potential estimates. Specifically, we shall prove two theorems about the possibility of describing the fine behaviour of solutions to nonlinear measure data problems and of their gradient via potentials. These theorems are the nonlinear analogs of classical results about fine properties of solutions to linear equations, which are usually derived via linear potential; see Remark 3 below. In Sect. [9](#Sec11){ref-type="sec"} we then gather a series of regularity results that follow as a corollary of the theory presented. Some of these results are well-known and they are now framed in the general and unifying context of nonlinear potential estimates. The remaining sections are devoted to the proofs of the results introduced in the preceding ones, and their titles are self-explaining. In this paper we are not going to deal with parabolic problems, for which we refer to \[[@CR42]--[@CR44]\].
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From linear to nonlinear {#Sec2}
========================

When considering linear elliptic equations, a powerful tool for establishing the qualitative properties of solutions is given by representation formulas via fundamental solutions. Eventually, these lead to consider linear Riesz potentials and singular integrals. Let us recall the situation for the simplest example, which is of course given by the classical Poisson equation$$\documentclass[12pt]{minimal}
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**Definition 1** {#d30e1197}
----------------
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Now, ([3](#Equ3){ref-type=""}) allows to conclude with the following pointwise potential estimates:$$\documentclass[12pt]{minimal}
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One of the aims of this paper is to show that completely similar estimates actually hold for a large class of quasilinear, possibly degenerate equations. A potential theory which is completely analogous to the linear one can be constructed in the nonlinear case too.

Basic nonlinear estimates {#Sec3}
=========================

The main question is now whether and in which sense estimates like ([5](#Equ5){ref-type=""}) and ([12](#Equ12){ref-type=""}) extend to the case of solutions to quasilinear elliptic equations of the type$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\hbox {div}\, a(Du)=\mu \quad \hbox { in } \ \Omega . \end{aligned}$$\end{document}$$In the most general case, the right hand side $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ is a Borel measure with finite total mass in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb { R}}^n$$\end{document}$, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \in {\mathcal {M}}_\mathrm{b}$$\end{document}$. The one in ([13](#Equ13){ref-type=""}) is a nonlinear version of the Poisson equation when the assumptions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \nu \, \mathrm{Id}\le \partial a(z) \le L \mathrm{Id} \end{aligned}$$\end{document}$$are considered. The numbers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< \nu \le L$$\end{document}$ provide bounds for the lowest and highest eigenvalue of the matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial a (\cdot )$$\end{document}$, respectively ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu =L=1$$\end{document}$ gives the case of the Laplacean operator). We also want to consider cases where Eq. ([13](#Equ13){ref-type=""}) might be degenerate, thereby examining for instance the so called $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p$$\end{document}$-Laplacean operator:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\hbox {div}\, (|Du|^{p-2}Du)=\mu . \end{aligned}$$\end{document}$$In order to catch the essential properties of the equation in ([15](#Equ15){ref-type=""}), we shall consider general vector fields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a:{\mathbb { R}}^n \rightarrow {\mathbb { R}}^n$$\end{document}$. These are assumed to be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^1$$\end{document}$-regular and to satisfy the following *growth and ellipticity assumptions*:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{l} |a(z)|+|\partial a(z)|(|z|^2+s^2)^{1/2} \le L(|z|^2+s^2)^{(p-1)/2} \\ \nu (|z|^2+s^2)^{(p-2)/2}|\lambda |^{2} \le \langle \partial a(z)\lambda , \lambda \rangle \\ p \ge 2 \end{array} \right. \end{aligned}$$\end{document}$$whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z, \lambda \in {\mathbb { R}}^n$$\end{document}$. The case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=2$$\end{document}$ gives back ([14](#Equ14){ref-type=""}). We remark that we confine ourselves to the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \ge 2$$\end{document}$ as we are mainly interested to present the main ideas in the most accessible way; for results in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\le 2$$\end{document}$ we refer to \[[@CR22], [@CR38], [@CR40], [@CR58]\]. In the rest of the paper $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu , L$$\end{document}$ are fixed parameters whose role is to establish the rate of ellipticity of the vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(\cdot )$$\end{document}$. The role of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\ge 0$$\end{document}$ is more peculiar. This parameter serves to distinguish the degenerate ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=0$$\end{document}$) from the nondegenerate one ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s>0$$\end{document}$). In this last case a model is given, by for instance taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=1$$\end{document}$, by the nondegenerate equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p$$\end{document}$-Laplacean type equation (see \[[@CR49]\])$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\hbox {div}\, ((1+|Du|^2)^{(p-2)/2}Du)=\mu . \end{aligned}$$\end{document}$$Sometimes we shall also consider equations with measurable coefficients, that is when the vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(\cdot )$$\end{document}$ exhibits an explicit dependence on the variable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$, i.e.,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\hbox {div}\, a(x,Du)=\mu . \end{aligned}$$\end{document}$$In this case, we shall use a set of assumptions which is weaker than ([16](#Equ16){ref-type=""}), namely, we shall consider a Carathéodory vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a:\Omega \times {\mathbb { R}}^n \rightarrow {\mathbb { R}}^n$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{l} |a(x,z)| \le L(|z|^2+s^2)^{(p-1)/2} \\ \nu (|z_1|^2+|z_2|^2+s^2)^{(p-2)/2}|z_1-z_2|^{2} \le \langle a(x,z_1)-a(x,z_2), z_1-z_2 \rangle \\ p \ge 2 \end{array} \right. \end{aligned}$$\end{document}$$are satisfied whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_1,z_2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \Omega $$\end{document}$. These assumptions are, up to adjusting the constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu , L$$\end{document}$ in a universal way, implied by those in ([16](#Equ16){ref-type=""}). Results for the case when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \rightarrow a (x, \cdot )$$\end{document}$ is more regular and satisfy ([16](#Equ16){ref-type=""}) uniformly with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \Omega $$\end{document}$ are described in Sect. [6](#Sec7){ref-type="sec"} below.

Our primary emphasis will be on a priori estimates. This means that, according to a scheme which is typical in regularity theory, we shall mainly confine ourselves to present results in form of a priori estimates for more regular solutions and data. We are therefore most of the times considering weak energy solutions to ([17](#Equ17){ref-type=""}), that is functions $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$, considered as a measure. Results for the original context would then follow via approximation. Such an approach is obviously restrictive when considering general measure data problems. Indeed, observe for instance that due to the monotonicity properties of the operator assumed in ([16](#Equ16){ref-type=""}), considering a solution that belongs to the space $\documentclass[12pt]{minimal}
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                \begin{document}$$W^{1,p}(\Omega )$$\end{document}$ and for this reasons they are called *very weak solutions*. Treating the case of general measures needs then greater care, already in specifying the notion of solution one is dealing with. We are briefly discussing these aspects in Sects. [7](#Sec8){ref-type="sec"} and [14.4](#Sec28){ref-type="sec"} below, where we shall see how to extend the results presented for energy solutions to the case of general solutions to measure data problems.

Since we are going to deal with local results, we shall use in a standard way the truncated version of the classical Riesz potentials.

**Definition 4** {#d30e4949}
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                \begin{document}$$\begin{aligned} \mathbf{I}_{\beta }^\mu (x,R):= \int _0^R \frac{|\mu |(B(x,\varrho ))}{\varrho ^{n-\beta }}\, \frac{d\varrho }{\varrho }\,, \qquad \beta >0, \end{aligned}$$\end{document}$$whenever $\documentclass[12pt]{minimal}
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The word truncated refers to the inequality $\documentclass[12pt]{minimal}
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**Definition 5** {#d30e5679}
----------------
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Wolff potentials, that despite their name were first considered and studied in \[[@CR28]\], reduce to Riesz potentials when $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{I}_{\beta }^\mu \equiv \mathbf{W}_{\beta /2,2}^\mu $$\end{document}$. They play a crucial role in nonlinear potential theory and in the description of the fine properties of solutions to nonlinear equations in divergence form \[[@CR2], [@CR3], [@CR28], [@CR29], [@CR32], [@CR59], [@CR60]\].

An important fact about Wolff potentials is that their behaviour can be in several aspects recovered from that of Riesz potentials via so called Havin--Maz'ya potentials $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf{W}^{\mu }_{\beta , p}(x,\infty ) \lesssim I_{\beta }\left\{ \left[ I_{\beta }(|\mu |)\right] ^{1/(p-1)}\right\} (x)=: \mathbf{V}_{\beta ,p}(|\mu |)(x). \end{aligned}$$\end{document}$$The above estimate allows to derive, in a sharp way, almost all types of local estimates starting by the properties of the Riesz potentials, whose action in several function spaces is in fact known; for this we refer to \[[@CR28], [@CR29]\].

As first shown in the fundamental works of Kilpeläinen and Malý \[[@CR37], [@CR38]\] for the case of nonnegative measures, a neat analog of the first estimate in ([5](#Equ5){ref-type=""}) holds using Wolff potentials. Later on, a new and interesting proof has been offered Trudinger and Wang \[[@CR65], [@CR66]\], and this allows to cover the case of general subelliptic operators. Yet different proofs can be found in \[[@CR39]\], and in \[[@CR21]\], where an approach covering the case of general signed measures has been developed. The final outcome is summarized in the following:

**Theorem 1** {#d30e6154}
-------------
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                \begin{document}$$u \in W^{1,p}(\Omega )$$\end{document}$ be a weak solution to the equation with measurable coefficients ([17](#Equ17){ref-type=""}) under the assumptions ([18](#Equ18){ref-type=""}). There exists a constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{R\rightarrow 0}\mathbf{W}_{1,p}^{\mu }(x, R)=0 \quad \hbox { locally uniformly in} \ \Omega \ \hbox { w.r.t. } \ x \end{aligned}$$\end{document}$$then $\documentclass[12pt]{minimal}
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A sketchy proof of this theorem is proposed in Sect. [18](#Sec38){ref-type="sec"} below; extensions to more general operators have been given in \[[@CR50], [@CR53]\]. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{W}_{1,p}^\mu \equiv \mathbf{I}_{2}^{\mu }$$\end{document}$ and we retrieve a local analog of the first estimate in ([5](#Equ5){ref-type=""}). A remarkable point here is that estimate ([20](#Equ20){ref-type=""}) is sharp, and the nonlinear potential $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{W}_{1,p}^\mu $$\end{document}$ cannot be replaced by any other smaller potential. This is in fact reported in the following:

**Theorem 2** {#d30e6448}
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                \begin{document}$$u \in W^{1,p}(\Omega )$$\end{document}$ be a nonnegative weak solution to the Eq. ([13](#Equ13){ref-type=""}) under the assumptions ([18](#Equ18){ref-type=""}), where $\documentclass[12pt]{minimal}
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                \begin{document}$$c \equiv c (n,p,\nu ,L)$$\end{document}$ such that the following pointwise estimate holds whenever $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} c^{-1}\mathbf{W}_{1,p}^\mu (x,R) \le u(x) \le c\mathbf{W}_{1,p}^\mu (x,2R)+ c\inf _{B(x,R)} u. \end{aligned}$$\end{document}$$

The possibility of extending pointwise potential estimates to the gradient of solutions has remained an open and discussed issue since the paper \[[@CR38]\]. The answer came only recently and here we consider the case of equations of the type ([13](#Equ13){ref-type=""}). The first result in this direction is contained in \[[@CR57]\] for the case $\documentclass[12pt]{minimal}
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                \begin{document}$$p\not =2$$\end{document}$. Surprisingly enough, in \[[@CR41]\] we have shown that this is not the case. Using Wolff potentials is necessary only when estimating solutions, while it is not when passing to their gradients. In fact the following holds:

**Theorem 3** {#d30e6805}
-------------
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                \begin{document}$$B(x,R)\subset \Omega $$\end{document}$ and the right hand side is finite. Moreover, if$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{R\rightarrow 0}\mathbf{I}_1^{\mu }(x, R)=0 \ \hbox { locally uniformly in } \ \Omega \ \hbox { w.r.t. } \ x \end{aligned}$$\end{document}$$then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Du$$\end{document}$ is continuous in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$.

The proof of Theorem 3 will be presented in Sect. [15](#Sec29){ref-type="sec"} below, where it will be obtained as a corollary of more general potential estimates. An extension of the previous result to a class of general operators including the $\documentclass[12pt]{minimal}
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*Remark 1* {#d30e7021}
----------
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**Theorem 4** {#d30e8067}
-------------
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See \[[@CR12]\] for a global Lipschitz bound. Without appealing to potentials, but by using different means, the result of the previous theorem also holds for systems.

**Theorem 5** {#d30e8176}
-------------
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Finally, let us mention that starting from the techniques developed for the last two theorems, similar results can be proved in the case of fully nonlinear equations \[[@CR15]\].

Universal potential estimates {#Sec4}
=============================

The results of this section have a double aim. On the one hand, they show that estimates ([9](#Equ9){ref-type=""})--([10](#Equ10){ref-type=""}) have analogs for nonlinear equations. On the other hand, they show that those in ([20](#Equ20){ref-type=""}), ([23](#Equ23){ref-type=""}) and ([24](#Equ24){ref-type=""}) are actually special cases of a more general class of nonlinear potentials estimates. These, in turn, allow to recover in an optimal way all the basic regularity properties of solutions in terms of the regularity of the assigned datum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$. The range of the results implied by such estimates is of course limited by the regularity theory of homogeneous equations as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hbox {div}\, a(x,Dw)=0. \end{aligned}$$\end{document}$$Therefore we first recall what is the maximal regularity of solutions to equations as in ([28](#Equ28){ref-type=""}) and in ([29](#Equ29){ref-type=""}) below. In turn, this dramatically changes according to the smoothness assumed on the partial map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \rightarrow a(x, \cdot )$$\end{document}$. When measurability is considered, very low degree of regularity is expected and solutions are just Hölder continuous for some exponent. When instead dependence on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ becomes more regular then higher regularity follows. In this case, again for sake of simplicity, and since this does not affect the expositions of the main ideas, we shall confine ourselves to the case of equations with no coefficients as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hbox {div}\, a(Dw)=0. \end{aligned}$$\end{document}$$The first result we present upgrades estimate ([20](#Equ20){ref-type=""}) to low order fractional derivatives, and allows to give a sharp formulation of the classical De Giorgi's theory via nonlinear Wolff potential estimates. De Giorgi's theory for equations with measurable provides the existence of a *universal Hölder continuity exponent*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _m \in (0,1)$$\end{document}$, depending only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n,p,\nu , L$$\end{document}$, such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} w \in C^{0,\alpha }_\mathrm{loc}(\Omega ) \qquad \hbox {for every } \ \alpha < \alpha _m \end{aligned}$$\end{document}$$andThe previous estimate holds whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y \in B_{R/2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_R \subset \Omega $$\end{document}$, for a constant depending only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n,p,\nu , L$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$. The exponent $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _m$$\end{document}$ can be thought as the *maximal Hölder regularity exponent* associated to the vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(\cdot )$$\end{document}$. It is universal in the sense that it is independent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(\cdot )$$\end{document}$ and of the particular solution considered, but just depends only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n,p,\nu , L$$\end{document}$. For more precise information on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _m$$\end{document}$ see Theorem 18 and Remark 6 below. It then holds the following:

**Theorem 6** {#d30e8774}
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**Theorem 9** {#d30e10116}
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The proof of this theorem will be presented in Sect. [16](#Sec30){ref-type="sec"} below. Notice that the limitation in ([37](#Equ37){ref-type=""}) makes the statement of Theorem 9 consistent with the definition of Wolff potential given in Definition 5, where it must be $\documentclass[12pt]{minimal}
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Maximal-potential estimates {#Sec5}
===========================
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**Definition 6** {#d30e11122}
----------------

(*Fractional maximal operator*) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \in [0,n]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \Omega $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R < \mathrm{dist} (x, \partial \Omega )$$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f$$\end{document}$ be an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^1(\Omega )$$\end{document}$-function or a measure with finite mass; the function defined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_{\beta , R} (f)(x):= \sup _{0 < r \le R} \, r^{\beta }\frac{|f|(B(x,r))}{|B(x,r)|} \end{aligned}$$\end{document}$$is called the restricted (centered) fractional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ maximal function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f$$\end{document}$.
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**Theorem 10** {#d30e11377}
--------------
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The maximal operators of Definition 3 naturally connect to those presented in Definition 6 via Poincaré inequality$$\documentclass[12pt]{minimal}
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The turning point to pointwise estimates is now given by the fact that the sharp maximal operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{\alpha , R}^{\#} (u)(x)$$\end{document}$ controls the pointwise behaviour of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u$$\end{document}$ provided $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha >0$$\end{document}$. This fact is expressed in the following Proposition, a first form of which is present in \[[@CR17]\]. It in turn relies on some original arguments of Campanato \[[@CR10]\].

**Proposition 1** {#d30e11750}
-----------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in L^1(B_{8R/5})$$\end{document}$; for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (0,1]$$\end{document}$ the inequality$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |f(x)-f(y)|\le \frac{c}{\alpha }\left[ M^{\#}_{\alpha ,R}(f)(x)+M^{\#}_{\alpha ,R}(f)(y)\right] |x-y|^{\alpha } \end{aligned}$$\end{document}$$holds whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y \in B_{2R/5}$$\end{document}$, for a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c$$\end{document}$ depending only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$. More precisely, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y$$\end{document}$ are Lebesgue points of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f$$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^{\#}_{\alpha ,R}(f)(x)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^{\#}_{\alpha ,R}(f)(y)$$\end{document}$ are finite, respectively. Therefore, whenever the right hand side in ([43](#Equ43){ref-type=""}) is finite, the values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f$$\end{document}$ are defined as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(x):= \lim _{\varrho \rightarrow 0} (f)_{B(x,\varrho )} \quad \hbox {and} \quad f(y):=\lim _{\varrho \rightarrow 0} (f)_{B(y,\varrho )}. \end{aligned}$$\end{document}$$

Proposition 1 allows to obtain Theorem 8 as a corollary of Theorem 10 and in particular of ([42](#Equ42){ref-type=""}); see Sect. [12.7](#Sec21){ref-type="sec"} below for the proofs, including the one of Proposition 1. We believe that Theorem 10 helps to understand the peculiar nature of the case $\documentclass[12pt]{minimal}
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Non-endpoint maximal estimates {#Sec6}
------------------------------

An interesting fact concerning the two cases $\documentclass[12pt]{minimal}
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### **Theorem 11** {#d30e12690}
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As for gradient oscillations, we instead have the following result, whose proof is contained in Sect. [13](#Sec22){ref-type="sec"} below.

### **Theorem 12** {#d30e12863}

(Gradient sharp maximal estimate \[[@CR40]\]) Let $\documentclass[12pt]{minimal}
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Equations with coefficients {#Sec7}
===========================

Getting nonlinear potential estimates catching regularity beyond Theorem 6 for equations as in ([17](#Equ17){ref-type=""}), necessitates to assume more regularity on the partial map $\documentclass[12pt]{minimal}
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**Theorem 13** {#d30e13249}
--------------
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Let us now briefly comment on the assumptions made in the last theorem, remarking that all of them are essentially necessary. Assumption ([48](#Equ48){ref-type=""}) allows to catch the case in which, when referring to Eq. ([47](#Equ47){ref-type=""}), the function $\documentclass[12pt]{minimal}
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Interlude on measure data problems {#Sec8}
==================================

When looking at equations as in ([17](#Equ17){ref-type=""}) we have considered distributional solutions lying in $\documentclass[12pt]{minimal}
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**Definition 7** {#d30e14435}
----------------
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The terminology "very weak" is used to emphasize the fact that such solutions do not belong, in general, to the natural Sobolev space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ being in the most general case a (signed) Borel measure with finite total mass. We will not pursue this matter here, rather referring to \[[@CR14], [@CR36]\] for a more comprehensive discussion. Here we are interested in a class of solutions which we regard to be very natural (see in fact the equivalence results obtained in \[[@CR36]\]) and for which all the potential estimates described in this paper continue to hold. This is the class of SOLA (Solutions Obtained by Limits of Approximations), which is introduced in the

**Definition 8** {#d30e14790}
----------------
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SOLA are special because they are selected via an approximation procedure using more regular energy solutions, and thereby they inherit a few of their basic properties. For instance: their precise representative is defined out of a null $\documentclass[12pt]{minimal}
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**Theorem 14** {#d30e15303}
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A preliminary integrability result was obtained for a different kind of solutions in the pioneering paper of Lindqvist \[[@CR48]\]. The restriction $\documentclass[12pt]{minimal}
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Potential estimates and fundamental solutions {#Sec9}
---------------------------------------------

To check to which extent estimates ([20](#Equ20){ref-type=""}) and ([24](#Equ24){ref-type=""}) replace the usual linear representation formulas in the nonlinear case, the best thing to do is to see how they reproduce the behaviour of the nonlinear fundamental solution $\documentclass[12pt]{minimal}
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Fine properties of solutions via potentials {#Sec10}
===========================================

We have seen that linear and nonlinear potentials locally control the behaviour of solutions. It is at this point not surprising to discover that potentials also control their so called fine properties. In this respect we present two theorems. The former is concerned with the pointwise behaviour of gradients of SOLA, and in particular with their Lebesgue points. This result employs Riesz potentials. The latter in instead concerned with Lebesgue points of solutions and uses Wolff potentials.

**Theorem 15** {#d30e16277}
--------------

Theorem 3 continues to hold whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u \in W^{1,p-1}(\Omega )$$\end{document}$ is a SOLA to ([13](#Equ13){ref-type=""}). Moreover, the condition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf{I}_{1}^\mu (x,R) < \infty \end{aligned}$$\end{document}$$implies that the following limit exists and therefore defines the precise representative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Du$$\end{document}$ at the point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{\varrho \rightarrow 0}\, (Du)_{B(x,\varrho )}=:Du(x). \end{aligned}$$\end{document}$$

The proof of this last theorem is included in Sect. [17](#Sec35){ref-type="sec"} below. The analogous statement for solutions is the following:

**Theorem 16** {#d30e16452}
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We notice that the assertion about the $\documentclass[12pt]{minimal}
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*Remark 2* {#d30e16685}
----------
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*Remark 3* {#d30e16838}
----------

(Analogies with linear potential theory) Theorems 15 and 16 can be also considered as analogs of classical facts in linear potential theory, concerning the pointwise behaviour of solutions to the Poisson equation $\documentclass[12pt]{minimal}
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Regularity and corollaries {#Sec11}
==========================

The estimates presented up to now allow to give a comprehensive and unified picture of the regularity results available for quasilinear equations. We will now briefly describe a few consequences of such estimates. First of all, let us recall that combining Theorem 11 and Proposition 1 yields the following pointwise inequality:that holds whenever $\documentclass[12pt]{minimal}
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---------------
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*Proof* {#d30e18797}
-------
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The statement in (C3) is simply an obvious consequence of Theorem 1.

As for (C4), a direct computation using certain characterisation of Lorentz spaces shows that if $\documentclass[12pt]{minimal}
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In (C5) the first implication follows again by the Hölder type inequality in ([69](#Equ69){ref-type=""}). On the other hand, we observe that the inequality $\documentclass[12pt]{minimal}
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(C6) is just an obvious consequence of the following imbedding property of Riesz potentials (see \[[@CR1]\]):$$\documentclass[12pt]{minimal}
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(C8) is essentially a corollary of Theorem 3 and of the mapping property of Riesz potentials$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf{I}_1:L^{q, \theta }\rightarrow L^{\theta q/(\theta - q),\theta }, \end{aligned}$$\end{document}$$originally proved by Adams \[[@CR1]\] (see also \[[@CR56]\] for a localization).

The first implication in (C9) is a consequence of ([69](#Equ69){ref-type=""}) while the second follows applying Theorem 12 with $\documentclass[12pt]{minimal}
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(C10) follows from Theorem 8 in an obvious way.

(C11) is again a consequence of ([25](#Equ25){ref-type=""}) and of some basic computation involving the definition of Lorentz norm (see \[[@CR22], [@CR41]\]). Indeed, the condition $\documentclass[12pt]{minimal}
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Finally, exactly as for the proof of (C5), (C12) follows again from ([69](#Equ69){ref-type=""}) and estimate ([65](#Equ65){ref-type=""}). $\documentclass[12pt]{minimal}
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Some of the points in the previous corollary are well known results when considering for instance the model equation ([15](#Equ15){ref-type=""}). The theory above allows to extend and embed them in a more general context where results follow in a unified way. Specifically, for (C2) see \[[@CR55], [@CR64]\], for (C6) see \[[@CR7], [@CR8], [@CR20]\], for (C7) see \[[@CR19], [@CR31], [@CR56]\], for (C8) see \[[@CR56]\]. We also remark that the previous corollary is just a sample of what is possible to have using the nonlinear potential estimates approach; further spaces, as for instance Lorentz--Morrey or Besov--Morrey spaces are considerable as well (see \[[@CR55], [@CR56]\] for relevant definitions). More rearrangement invariant function spaces regularity results via potentials are contained in \[[@CR11]\].

A basic comparison estimate {#Sec12}
===========================

This section is devoted to the proof of a comparison estimate between a considered solution $\documentclass[12pt]{minimal}
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The lemmas in this section are already scattered in \[[@CR21], [@CR41], [@CR55]\]. The proofs proposed here are anyway different and shorter. We start with a basic, weighted type energy estimate.

**Lemma 1** {#d30e21097}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u \in W^{1,p}(\Omega )$$\end{document}$ be a solution to ([17](#Equ17){ref-type=""}) under assumptions ([18](#Equ18){ref-type=""}), and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ v \in u +W^{1,p}_0(B_{R})$$\end{document}$ be as in ([70](#Equ70){ref-type=""}). Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _{B_R} \frac{|V(Du)-V(Dv)|^2}{(h + |u-v|)^{\xi }}\, d \tilde{x} \le c \frac{h^{1-\xi }}{\xi -1} |\mu |(B_R) \end{aligned}$$\end{document}$$holds whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h>0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi >1$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \equiv c (n,p,\nu )\ge 1$$\end{document}$. The map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\cdot )$$\end{document}$ has been defined in ([71](#Equ71){ref-type=""}).

*Proof* {#d30e21391}
-------
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Lemma 1 and Sobolev embedding theorem in turn imply a first comparison estimate.
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*Proof* {#d30e22394}
-------
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*Remark 4* {#d30e22788}
----------
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A sequence of comparison estimates {#Sec13}
==================================
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*Proof* {#d30e23509}
-------
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Proof of Theorems 8 and 10 {#Sec14}
==========================

The proof of Theorem 10 falls in six steps, going through Sects. [12.1](#Sec15){ref-type="sec"}--[12.6](#Sec20){ref-type="sec"} respectively. It requires the use of several different tools, and ultimately relies on a delicate iteration technique. Finally, in Sect. [12.7](#Sec21){ref-type="sec"}, we shall briefly show how to get Theorem 8 from Theorem 10.
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A density property of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a$$\end{document}$-harmonic functions {#Sec15}
-----------------------------------------------------------------------
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### *Proof* {#d30e25253}
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Finally, we recall two decay estimates that hold for the excess functional of the gradient and of the solutions. They are again related to the Hölder continuity of the gradient of solutions to ([99](#Equ99){ref-type=""}) and of the solutions themselves, in the case we are considering homogeneous equations with measurable coefficients of the type$$\documentclass[12pt]{minimal}
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### **Theorem 17** {#d30e25617}
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### **Theorem 18** {#d30e25878}
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### *Proof* {#d30e26101}

The proof combines a few well-known facts in the regularity theory of the equation considered. Let us recall the following Caccioppoli type inequality, that states there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c\equiv c(n,p,\nu ,L)$$\end{document}$ such thatholds; see \[[@CR40], Proposition 4.1\]. On the one hand, the following gradient decay estimate holds whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \in (0,1/2]$$\end{document}$ (see for instance \[[@CR55], Lemma 3.3\]):where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\beta }< \alpha _m$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \equiv c (n,p,\nu , L, \tilde{\beta })$$\end{document}$. Both the inequalities in the last displays are typical in the literature (see for instance \[[@CR25], Chapter 7\]) when using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^p$$\end{document}$-norms instead of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^1$$\end{document}$-ones. Combining them then yieldsthat proves ([107](#Equ107){ref-type=""}) in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \in (0,1/2]$$\end{document}$. On the other hand, the remaining case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \in (1/2,1]$$\end{document}$ is trivial by using ([98](#Equ98){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### *Remark 6* {#d30e26352}

Exactly as in Remark 5, the exponent $\documentclass[12pt]{minimal}
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Setting of the constants {#Sec16}
------------------------
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Iterating quantities {#Sec17}
--------------------

The proof is based on the fact that certain quantities, related to the fractional maximal operator we are considering, stay bounded. Specifically, we shall prove that the following inequality holds:Let us briefly recall that the last inequality implies the one in display ([110](#Equ110){ref-type=""}) with $\documentclass[12pt]{minimal}
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Iteration chains {#Sec18}
----------------
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Density and decay properties along iteration chains {#Sec19}
---------------------------------------------------

The idea is now that along iteration chains, a condition of the type $\documentclass[12pt]{minimal}
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### **Lemma 4** {#d30e29909}
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### *Proof* {#d30e30310}

By using, in order, triangle inequality, Lemma 2 and Theorem 17 with $\documentclass[12pt]{minimal}
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The following lemma is an easy consequence of the previous one:

### **Lemma 5** {#d30e30494}
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### *Proof* {#d30e30653}

Using ([128](#Equ128){ref-type=""}) we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta _1^{-n}r_{j+1}^{1-\alpha }E_{j+1}\le \frac{\delta _1^{-n}}{10^6} r_{j}^{1-\alpha }E_{j} + 8c_1c_d\delta _1^{-2n}\left[ \frac{|\mu |(B_{j})}{ r_{j}^{n-p+\alpha (p-1)}} \right] ^{1/(p-1)} \le \frac{\lambda _M}{10^5} \end{aligned}$$\end{document}$$where in the last estimate we have employed also ([116](#Equ116){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The cheap decay estimate for the excess functional of Lemma 4 is not sufficient to get gradient estimates via linear Riesz potentials. Indeed, it only implies Wolff potential estimates as in ([23](#Equ23){ref-type=""}), as shown in \[[@CR21]\]. Anyway, by using it together with the density properties of Proposition 2 and Lemma 3, we deduce another, better decay estimate, which is this time implying linear potentials estimates.

### **Lemma 6** {#d30e30869}
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Iteration and conclusion {#Sec20}
------------------------
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Proposition 1 and Theorem 8 {#Sec21}
---------------------------

### *Proof of Proposition 1* {#d30e33813}
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### *Remark 7* {#d30e36038}

There is a variant of estimate ([33](#Equ33){ref-type=""}), which is now uniform in the whole range $\documentclass[12pt]{minimal}
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Proof of Theorem 12 {#Sec22}
===================

This theorem has been proved in \[[@CR40]\] in a slightly different form and with a different proof; Theorem 12 is essential for the proof of Theorem 9. We consider the sequence of shrinking balls introduced in ([81](#Equ81){ref-type=""}) with the corresponding solutions $\documentclass[12pt]{minimal}
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A VMO-type result {#Sec23}
-----------------

A modification to the proof of Theorem 12 allows to get a corollary that is interesting in itself and that will be useful in order to obtain subsequent results.

### **Theorem 19** {#d30e37424}
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### *Proof* {#d30e37607}
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Proof of Theorem 15 {#Sec24}
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Setting of the constants and a sequence {#Sec26}
---------------------------------------
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Non-degenerate iteration chains and proof of ([180](#Equ180){ref-type=""}) {#Sec27}
--------------------------------------------------------------------------
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### **Lemma 7** {#d30e41395}
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### *Proof* {#d30e41613}

As for Lemma 6 we estimatewhere we used ([76](#Equ76){ref-type=""}) and ([179](#Equ179){ref-type=""}). On the other hand, using triangle inequality, ([171](#Equ171){ref-type=""}), ([179](#Equ179){ref-type=""}) and yet Lemma 2, we haveApplying estimate ([100](#Equ100){ref-type=""}) with $\documentclass[12pt]{minimal}
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Very weak solutions {#Sec28}
-------------------

In this section we are going to prove Theorem 15 for SOLA. We shall also obtain the extensions of Theorems 10 and 19 to SOLA, since these are indeed needed as preliminary results. The method we propose here is of course based on an approximation argument, but, rather than passing to the limits in the final estimates, we will pass to the limits "in the proofs". Strictly speaking, we shall pass to the limits in some estimates from the proofs. The same methods developed for energy solutions will then work for SOLA. We start with a preliminary result. Let us consider a ball $\documentclass[12pt]{minimal}
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### *Proof* {#d30e44874}
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With the previous lemma at our disposal the proofs of Theorems 10, 19 and 15 for SOLA proceed verbatim as in the case of standard energy solutions, with the sequence $\documentclass[12pt]{minimal}
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Theorem 3 as a corollary {#Sec29}
========================

The assertion of Theorem 3 can be now obtained as a corollary of the results presented up to now, and, by the approach in the previous section, directly for SOLA. Indeed, estimate ([24](#Equ24){ref-type=""}) follows directly by estimate ([40](#Equ40){ref-type=""}) and the fact that the finiteness of $\documentclass[12pt]{minimal}
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Estimates on the excess {#Sec32}
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Pointwise estimate and Lebesgue point criterion {#Sec33}
-----------------------------------------------

Let us prove

### **Lemma 9** {#d30e49585}
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Proof of Theorem 16 {#Sec35}
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We are now ready for the proof of ([63](#Equ63){ref-type=""}), therefore showing that for every $\documentclass[12pt]{minimal}
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Back to the roots: Theorem 1 (sketch) {#Sec38}
=====================================

The arguments developed for Theorem 16 allow to get a quick proof of Theorem 1, that we sketch in the following lines. We repeat the construction of Sects. [17.1](#Sec36){ref-type="sec"}-- with $\documentclass[12pt]{minimal}
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